Abstract. In this note we investigate the problem of finding pairs of Pythagorean triangles (a, b, c), (A, B, C), with given catheti ratios A/a, B/b. In particular, we prove that there are infinitely many essentially different ("non-similar") pairs of Pythagorean triangles (a, b, c), (A, B, C) satisfying given proportions, provided that Aa = Bb.
Introduction
In [2] the author investigated the following problem stated by Leech (as was remarked by Smyth in [3] ): Find two rational right-angled triangles on the same base whose heights are in the ratio n : 1 for n an integer greater than 1. By considering an equivalent elliptic curve problem, he find parametric solutions for certain values of n and present results of a numerical search for solutions with n ∈ {1, . . . , 999}. Motivated by his findings we deal with the general problem of finding pairs of Pythagorean triangles with given catheti ratios. More precisely, throughout the paper (a, b, c) will denote a Pythagorean triple, i.e. a triple of positive integers satisfying the condition As we will see in the sequel under some mild conditions on the pair of triples (a, b, c), (A, B, C), the problem has a positive answer. More precisely, in Section 2 we prove that there are infinitely many essentially different pairs (a ′ , b ′ , c ′ ), (A ′ , B ′ , C ′ ) solving (1) provided that Aa = Bb. In Section 3 we investigate the case Aa = Bb and prove that there are infinitely many pairs (a, b, c), (A, B, C) such that the system (1) has infinitely many solutions (a
We also present results of our numerical search and observe that for certain pairs (a, b, c), (A, B, C) there is no non-trivial solution. Finally, in the last section we investigate the general problem of finding pairs of Pythagorean triangles (a, b, c), (A, B, C) such that A/a = µ, B/b = ν, where µ, ν are given rational numbers. We reduce the problem to the case when µ = 1 and prove that the set of those ν is dense in the Euclidean topology in Q + .
The case Aa = Bb
In this section we are interested in finding the solutions of system (1) under the assumption Aa = Bb. More precisely, together with given triples (a, b, c) and (A, B, C) we will consider the following elliptic curve (2) H :
The basic observation is that each point Q = (u, v) ∈ H(Q) of the form 2P (P ∈ H(Q)) gives the desired pair of triangles (a
with some s, t, r ∈ Q. Hence
Hence the natural question in this context is whether the point Q ′ is of infinite order or (at least) is the rank of H positive? We will investigate both problems in the sequel.
After change of variables x = a 2 A 2 u, y = a 2 A 2 v we get a standard form
and the image of the point Q ′ takes the form Q * = (a 2 A 2 , a 2 A 2 cC). The group E(Q) contains exactly 3 points of order 2, hence the torsion part Tor(E(Q)) cannot be cyclic. By the Mazur theorem Tor(E(Q)) = Z 2 × Z 2n for some n ∈ {1, 2, 3, 4}. If P + P = (0, 0) then |P | = 4, hence n = 2 or n = 4. It follows that if Q * has a finite order then |Q * | = 4 and |2Q * | = 2. By duplication formula
we infer that |2Q * | = 2 if and only if Aa = Bb. Geometrically this means that (a, b, c) and (A, B, C) are " skew-similar". In other cases the point Q * has infinite order. In this way we have proved Theorem 2.1. If Aa = Bb then there exist infinitely many essentially different ("non-similar") pairs of Pythagorean triangles (a
3. The case Aa = Bb
In previous section we have proved that provided Aa = Bb, then there are infinitely many Pythagorean triangles (a
What is going on in the case Aa = Bb? First of all, let us note that primitivity of triangles (a, b, c), (A, B, C) immediately implies that A = b, B = a. Then C = c and we deal with the case of cross-similarity of pairs of Pythagorean triangles. In other words, we are interested in the existence of rational points on the curve
We prove Theorem 3.1. There are infinitely many primitive Pythagorean triples (a, b, c) such that the elliptic curve
has positive rank.
We note the crucial identity
In other words f (−a 3 b) is a square if and only if there is a rational point on the quartic curve
The curve C is birationally equivalent with the elliptic curve
via the mapping
where
and the inverse φ
A quick computation with Magma [1] , reveals that rank of E ′ (Q) is equal to 1. One can check that the generator of the infinite part is P = (42, −216). Now we compute multiplies nP = (X n , Y n ) for n = 1, 2, . . . and then consider corresponding points (U n , W n ) = φ −1 (nP ). By writing
n ) which leads to the curve E an,bn with point of infinite order
In order to finish the proof we need to know that for a given pair (a n , b n ) there are only finitely many pairs (a m , b m ) with m > n such that the curves E an,bn , E am,bm are isomorphic. This can be seen as follows: by standard properties of elliptic curves we know that the curves E a,b , E A,B are isomorphic if and only there is a linear isomor-
for some C ∈ Q. By comparing the coefficients on both sides we get that C = p 6 and need to consider the following system of equations: 
Assuming that a, b, A, B are positive we see that the only possibility for vanishing of F (a, b, A, B) is the condition (Ab − aB)(aA − bB) = 0. In other words, if a n , b n and a m , b m with n = m come from our construction we need to have a n a m = b n b m or a n b m = a m b n . However, let us note that for given n ∈ N the system of equations
has only finitely many solutions in integers u, v. This means that there are only finitely many values of m > n such that a n a m = b n b m . Similar reasoning works in the case of the equality a n b m = a m b n . Thus, in both cases, for only finitely many values of m > n we have that the curves E an,bn , E am,bm are isomorphic. In consequence we can construct an infinite set A ⊂ N such that for each s 1 , s 2 ∈ A, s 1 = s 2 we have non-isomorphic curves corresponding to s 1 , s 2 . We believe that the following is true.
Conjecture 3.3. There are infinitely many primitive Pythagorean triples (a, b, c) such that the elliptic curve
has rank zero.
Remark 3.4. We performed a small numerical search for primitive triples (a, b, c) such that the rank of E a,b is zero. We used the MAGMA computational package and checked that in the range a < b < 10 4 (in this range there are exactly 890 primitive Pythagorean triples) there are at least 45 triples (a, b, c) for which the rank of E a,b is equal to zero. In order to get the data we were interested in, first we generated all triples (a, b, c) in the considered range and dealt with the elliptic curve E a,b . Next, we used the procedure RankBound(E), implemented in Magma, which gives an upper bound for the rank of the elliptic curve E. If the computed bound were equal to 0, we printed the triple (a, b, c). In the table below we collect the data we obtained. However, it is very likely that in the range a < b < 10 4 there are many more triples (a, b, c) such that the rank of E a,b is 0. However, before we concentrate on the system (4) we state an easier question concerning characterization of all possible pairs r 1 , r 2 of positive rational numbers such that there are Pythagorean triangles (a, b, c) and (A, B, C) satisfying
As we already noted, without loss of generality, we can assume that r 0 = 1. Thus, our problem is equivalent with characterization of solutions of the system
By writing a = 2uv, b = u 2 − v 2 , c = u 2 + v 2 we are interested in solutions of the Diophantine equation
with respect to r 1 , r 2 . However, this is simple because our equation is quadratic in r 1 , r 2 and we have the rational point at infinity (u 2 + v 2 :
. In consequence, we obtain the parametrization in the following form
A quick computation reveals that our ratios r 1 , r 2 are positive (with fixed values of u, v) if and only if the condition 0 < w < 2uv u 4 −v 4 is satisfied.
Let us return now to our initial question. Of course finding the solutions of the system (4) is more difficult. Indeed, for a concrete ν we are confronted with the problem of positivity of the rank of the elliptic curve
(compare the paper [2] for the case ν ∈ N). We prove a general but weaker theorem.
Theorem 4.1. For eachν ∈ Q + there exist s ∈ Q + such that for ν =νs 2 there exist (a, b, c) and (A, B, C) satisfying A = a, B = νb.
Proof. In order to get the result we consider the following Pythagorean triples
Thus, we consider the equation
Equivalently, putting S =
s, we are interested in the surface
defined over the rational function field Q(ν). First we construct a rational curve lying on H. We are looking for a rational curve of the form x = T + 1, y = pT + 1, S = tT, where p, T need to be determined. A quick computation with the form of our substitution and the equation defining H, reveals that
does the job. In consequence, we get that the curve L :
lies on the surface H. We show that there are infinitely many rational curves lying on H. In order to do this we treat the surface H as a genus one curve, say E, defined over the rational function field Q(ν, t) in the (y, S) plane. Here we use the base change x = f (t). The curve E is written in the Weierstrass form
where the map ψ : H ∋ (y, S) → (X, Y ) ∈ E is given by
On the curve E we have the point P coming from the rational curve L lying on H. More precisely, P = (X, Y ), where
Because for any givenν positive rational we have X, Y ∈ Q(t) \ Q[t] we immediately get (via the analogue of the Nagell-Lutz theorem for a rational function field) that the point P is of infinite order on E. This implies the existence of infinitely many rational curves which lie on H (coming from the points ψ −1 (mP ), where m = 1, 2, . . .), with fixed x = f (t). Finally, we see that, for any givenν there are infinitely many parametric families of pairs of Pythagorean triples (a, b, c), (A, B, C) satisfying a = A, B = νb =νs 2 b and hence the result.
Corollary 4.2. The set Γ = {ν ∈ Q >0 : the elliptic curve E ν has positive rank} is dense in the Euclidean topology in the set R >0 .
Proof. In order to get the result we could use the parametric curve constructed in the proof of Theorem 4.1. However, instead we will treat the equation y 2 = x(x + 1)(x + ν 2 ) defining the curve E ν as an equation in the (y, ν) plane, i.e.,
which is a genus 0 curve defined over rational function field Q(x). After rational base change x = t 2 − 1 we see that the curve
has Q(t)-rational point (ν, y) = (0, t(t 2 − 1)). Thus we obtain the parametric solution in the following form ν = 2t (t 2 − 1) u t 2 (t 2 − 1) − u 2 , y = t(t 2 − 1)((t 2 − 1)t 2 + u 2 ) t 2 (t 2 − 1) − u 2 .
We thus see that, for given t ∈ Q, on the elliptic curve E ν(u) , treated over rational function field Q(u), we have the point P = (t 2 − 1, y(u)). It is clear that the point P is of infinite order on E ν(u) .
To finish the proof, note that for any given positive t ∈ Q satisfying the property t 2 (t 2 − 1) > 0, the rational map ν : R ∋ u → 2t(t 2 −1)u t 2 (t 2 −1)−u 2 ∈ R is continuous and has the obvious property ν(0) = 0, lim u→u 0 ν(u) = +∞, where u 0 = t 2 (t 2 − 1). The density of Q in R together with the above property of the map ν = ν(u), immediately implies that the set ν(Q) ∩ R >0 is dense in R > in the Euclidean topology. The theorem follows.
Remark 4.3. Parameters ν for which the rank of E ν is positive arise from a geometric problem, similar to that of congruent numbers. But our Theorem 4.1 illustrates a difference. Whereas beeing congruent depends only on the square-class of a considered number the situation with numbers ν is completely different: by our theorem each squareclass contains relevant numbers ν!
